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All Sciences classify statements as true or false.

Formal Logic establishes rules for deriving true 

statements from other true statements, and for 

refutation.

Logic is the mother of all sciences.

Some  formal logic should 

be taught in all sciences

and disciplines.

Formal Logic 



STUDENT ASKS: 

I want to be a true scholar,

I want to grasp, by the collar, 

What´s on earth, in heaven above  

In Science, and in Nature too.

...

ANSWER: ...

My dear friend, I´d advise in sum

First, the Collegium Logicum.

There your mind will be trained,

As if in Spanish boots, constrained,

So that painfully, as it ought, 

It creeps along the way of thought,

Not flitting about all over,

Wandering here and there.

....

Goethe´s Faust 
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Computer Science 

While logical methods are omnipresent in all sciences, 
there is a unique "new"  discipline that:

 is historically rooted in Logic

 uses predominantly logical methods

 continually poses logical problems and   .
.          challenges to Formal Logic

 takes logic further
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The continuation of Logic by other means.
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Many methods of Logic carry over to Computer 

Science and are further developed and enriched 

in this discipline.

For example:

 Coding            Data Compression

 Diagonalization         Complexity Theory 

 Formal syntax (wffs)          Program BNF

 Formal semantics,      etc.

But there are also several shifts that are used in addition to 

the original methods or paradigms.

Paradigm & Method  Shifts



Paradigm & Method  Shifts

• Existence of solution  Solution algorithm 

• Recursive   Efficiently computable in time & space

• Model  Finite Model such as:  list, tree, array, database

• Satisfiability   Model Checking (Database query)

• Infinitary methods  Finite Combinatorics

• Sound & Complete  Satisfies the users



The logical flaws of Google:
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But  Brin & Page still did a good job ... 

The logical flaws of Google:
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But  Brin & Page still did a good job: 

the first 30.000 or so results coincide

The logical flaws of Google:
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Continuation of sub-disciplines of Logic

 Recursion theory

 Proof theory

Examples:

Complexity theory

Recursive program Analysis

Type checking & inference

Automated theorem proving
resolution, cut elimination

Linear Logic, proof 

nets,...

(computability theory)



Finite Model Theory -

Descriptive Complexity

Database Theory

Program semantics
e.g. fixed-point based, 

logic programming,...

 Model Theory

 Propositional Logic 

Hardware

Switching Theory



 Modal logic

Modal nonmonotonic logics,

epistemic logics in AI

(K and B operators) 

Temporal logics for 

computer aided verification

(system = Kripke structure)

....

 Set theory ? (Transfinite ordinals)



Two surveys

Halpern, Harper, Immerman, Kolaitis, Vardi, Vianu 2001:

On the Unusual Effectiveness of Logic in Computer 

Science

Bulletin of Symbolic Logic 7,  2001

M. Davis 1988:

Influences of Mathematical Logics on Computer Science

In Herken Ed. The Univesal Turing Machine:Half a Century Survey, OUP



Areas Mentioned by Davis and Vardi

• Formal syntax

• Boolean Logic

• Programming languages & typing

• Logic programming

• Descriptive complexity

• Database query languages

• Reasoning about knowledge

• Automated verification 
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• Formal syntax

• Boolean Logic

• Programming languages & typing

• Logic programming

• Descriptive complexity

• Database query languages

• Reasoning about knowledge

• Automated verification 

What about programming and software engineering? 

Areas Mentioned by Davis and Vardi
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Programming & Software Engineering

The world is all that is the case.

A unique true model
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Software Engineering

P=0

Input=EMPDB

Output= {}

…….

P=|EMP|

Input=EMPDB

Output= sal

…….
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The science of defining, implementing, testing 

& maintaining  complex parameterised transitions 

between logical worlds (Wittgensteinian models).
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The science of defining, implementing, testing 

& maintaining  complex parameterised transitions 

between logical worlds (Wittgensteinian models).

SE takes logic further! 
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Software Engineering

P=0

Input=EMPDB

Output= {}

…….

P=|EMP|

Input=EMPDB

Output= sal

…….

The science of defining, implementing, testing 

& maintaining  complex parameterised transitions 

between logical worlds (Wittgensteinian models).

software = logiciel 
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Rest of this Talk 

Two examples of logic in computer science

 Logical aspects of NP vs P

 Logic and the Semantic Web



NP = P
?

The most important problem of Theoretical Computer Science

.... and arguably an extremely important problem of Applied CS 

This problem has many logical  facets

I will mention some. 



Logical Aspects of P=NP

• Gödel’s letter to von Neumann

• Cook-Levin-Karp Theorem 

• Propositional proof systems / Frege systems

• Fagin’s Theorem: NP = Existential SO

• Courcelle’s theorem

• Recognizing tractable problems

• Probabilistically Checkable Proofs (PCP)

• Independence of P=NP

?



Gödel’s  1956 letter to von Neumann 



Gödel’s  1956 letter to von Neumann 



Lieber Herr v. Neumann:  [...]

I would like to allow myself to write you about a mathematical 

problem, of which your opinion would very much interest me: 

One can obviously easily construct a Turing machine, which 

for every formula F  in first order predicate logic and every 

natural number n, allows one to decide if there is a proof of F 

of length n  (length = number of symbols). Let   (F,n) be the 

number of steps the machine requires for this and let 

(n)=maxF(F,n).

The question is how fast (n) grows for an optimal machine. 



Namely, it would obviously mean that in spite of the 

undecidability of the Entscheidungsproblem, the mental work 

of a mathematician concerning Yes-or-No questions could be 

completely replaced by a machine. 

One can show that  (n)  k.n . If there really were a machine 

with (n) ~ k.n (or even  (n) ~ k.n2 ), this would have 

consequences of the greatest importance.
NP=P 

[.....]



Cook´s Theorem (1971)

SAT is NP-complete

(p  q  r)  (q  p  s)  (q  p)  (p   q  r) 



Cook´s Theorem (1971)

SAT is NP-complete

By Turing – Machine  reduction

This reduction is solidly grounded in logic.

The idea of reducing TMs to logical formulae was already

present in Turing´s 1937 paper...

Many such reductions were used by logicians in the 60es

(p  q  r)  (q  p  s)  (q  p)  (p   q  r) 



Propositional proof systems

 Are there short proofs for  propositional tautologies ? 

If not, then  NP  co-NP and thus NP  P 

Are there short proofs for co-NP ? 



Propositional proof systems

 Are there short proofs for  propositional tautologies ? 

If not, then  NP  co-NP  

For which proof systems can we show that there are only 

superpolynomially sized proofs? 

Solved for some proof systems  e.g.  Resolution  (Haken 84)

For Frege proof systems and many others this is still open.

Are there short proofs for co-NP ? 



Fagin´s Theorem 

NP = ESO

A property of finite structures is decidable in 

NP if and only if it is expressible in existential 

second-order logic.



Example: Formulating Graph 3-colourability in Monadic ESO

NP = ESO

Fagin´s Theorem 



Courcelle’s Theorem (1993)

All problems expressible in Monadic Second Order Logic

are  solvable in linear time on input structures 

of bounded treewidth .

Treewidth  2

Restricting the formula and the structures



All problems expressible in Monadic Second Order Logic

are  solvable in linear time on input structures 

of bounded treewidth .

+ Interesting  follow-up work by Courcelle , Makowsky, et al.

Courcelle’s Theorem (1993)

Restricting the formula and the structures



All problems expressible in Monadic Second Order Logic

are  solvable in linear time on input structures 

of bounded treewidth .

Treewidth  2
Many applications.

E.g. Graph multicut problems  [G., Lee, 2007]

Courcelle’s Theorem (1993)

Restricting the formula and the structures



Recognizing Tractable Problems 

Logic can help! 

What about Prefix classes?

Often one can immediately recognize that a 

problem belongs to a specific ESO prefix class.  



A “simple” Facility Placement Problem

Every room should be equipped 

with a computer.

If a printer is not present in a 

room, then one should be 

available in an adjacent room.

No room with a printer should be  

a meeting room.

Every room is at most 5 rooms 

distant  from a meeting room.

[…]



Given an office layout as a graph, decide whether 

the facility placement constraints are satisfiable. 

 P  M …  x  y ((P(x)  E(x,y) & P(y)) & …

This leads to the questions: 

Are formulas of the type  E1
*ae or even E*ae 

polynomially verifiable over graphs?

What about other fragments of ESO or SO?

Observe that this is an E1
*ae formula 
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Complexity characterization of ESO prefix classes [G.,Kolaitis, Schwentick 2000]



E*ae : PTIME model checking on undirected graphs

This class expresses as special cases problems such as:

Given an undirected graph G, 

Does G  contain a cycle whose length is a multiple of k ?

Tractability had been an an open problem for many years. 

Solved positively in 1988 by Carsten Thomassen.

The Most Difficult Result



The Most Difficult Result

E*ae : PTIME model checking on undirected graphs

This class expresses as special cases problems such as:

Given an undirected graph G, 

Does G  contain a cycle whose length is a multiple of k ?

Tractability had been an an open problem for many years. 

Solved positively in 1988 by Carsten Thomassen.

P Q R  x y  (  (P(x)  Q(x)  R(x) )  & 

P(x)  (E(x,y) & Q(y)) &

Q(x)  (E(x,y) & R(y)) &

Q(x)  (E(x,y) & P(y)).



Logic & the Semantic Web 

Tim Berners Lee et al.



Logic & the Semantic Web 

Tim Berners Lee et al.



Ontological Knowledge

Each dog is an animal:

Predicate Logic:    x. dog(x)  animal(x)

RDFS: ( <onto2:dog>  <rdfs:subClassOf>  <onto2:animal> )



Proof, reasoning

Simple Terminological inference

( <in:Snoopy>   <rdf:type>    <an:Dog>  )

(   <an:Dog>   <rdfs:subClassOf>  <an:Animal>  )

(   <in:Snoopy>   <rdf:type>    <an:Animal>  )



Ontological Reasoning & Query Answering

(<af:Taine> <rdf:type><prof:historian>)

(<af:Taine><bibl:authored><isbn-asin:B00135ND4G>),…

Académie Française RDF Web knowledge base “af”

(<B00135ND4G > <ck:has-title><“Voyage aux Pyrenees”>)

(<B00135ND4G > <ck: has-author><wp:Taine>)

(<B00135ND4G > <ck: is-about><ck:Pyrenees>), ………

General ISBN-ASIN  Book Catalogue“isbn-asin”

(<ck> <ck:has-author><owl:inverse-of><ck:has-written>)

(<ck:Pyrenees> <rdfs:subclass-of> <ck:mountains>),…..

Common Knowledge Ontology “ck”

Query: Find titles of books about mountains written by a historian

T :  (N, has-title, T)  & (A, has-written, N) & 

(N, is-about, mountains) & (A, type, historian)    

http://en.wikipedia.org/wiki/File:Pyrenees_Taine.jpg




Deduction Example

SIEMENS   has-client   BT

SIEMENS   has-client   ACME

BT               has-client   ACME

ACME         has-client   Michelin

BT               is                British

MICHELIN  is-not          British

Does SIEMENS have a British client that itself has a 

non-British client?

RDF/OWL



Deduction Example

SIEMENS   has-client   BT

SIEMENS   has-client   ACME

BT               has-client   ACME

ACME         has-client   Michelin

BT               is                British

MICHELIN  is-not          British

Does SIEMENS have a British client that itself has a 

non-British client?

RDF/OWL

ACME is British or not British – tertium non datur 



Complexity Problem

Reasoning under ontologies is extremely complex.

Using the general formalism: Undecidable!

Using standard DLs:  2-EXPTIME complete,  i.e.,  O( 2 (2^|KB|))

We need to find fragments that

- are enough expressive 

- are tractable

This is what we and others currently working on.

Simple Terminological inference



Default  Reasoning

If a positive property is not mentioned (or is not known to hold),

should one infer “by default” that it doesn’t hold?  

Being British:   Positive property

LIXO is not known to be British  >  LIXO is not British

This is what we do all the time…  

Nonmonotonic /Default     Reasoning

This is incorrect according to classical logic… but often useful.

Research problem: Find  the right logic for the Semantic Web



Conclusion 

I HOPE I COULD CONVINCE YOU THAT 

Computer Science is a  

continuation of Logic 

by other means.

Consequences



Consequences for CS Curricula 

 Do not eliminate logic courses from CS curricula

In practice: Logic courses are like jewels:

the last thing you buy, the first thing you sell

 Include practical  examples in "Logic for CS"  courses 

 Add more fun to logic courses courses 
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Liftboy:   Up or down?
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Liftboy:   Up or down?

Logician:  Yes.
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A Logic Lesson in Latin

E falso quodlibet 
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A Logic Lesson in Latin

E falso quodlibet 

Verum ex quodlibet

Simplex semper sigillum veri



A Logic Lesson in Latin

E falso quodlibet 

Verum ex quodlibet

Simplex semper sigillum veri

In vino veritas 


